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ABSTRACT 

_ i 

This  paper  investigates  the  formalization  of  an  important  class  of 
management  decision  problems*  The  problems  considered  are  those  of  making 
equlteible  workload  assignments  to  personnel.  The  paper  proposes  a  series  of 
intuitively  appealing  assignment  rules /  Including  random  assignment,  fixed 
assignment,  block  rotation  and  rules  that  reverse  inequities  caused  by  the 
last  period's  assignments.  It  is  shown  that  in  the  two-person  case  none  of 
these  rules  satisfies  the  simple  criterion  that  cumulative  differences  of 
workload  assignments  among  personnel  become  and  remain  small.  Differences  in 
the  properties  of  these  ruT'is  are  Investigated  under  three  additional  but  less 
strenuous  criteria.  It  is  shown  that  a  new  assignment  rule  called  the 
"counter-current”  rule  does  satisfy  the  criterion  stated  above;  further,  it  is 
shown  that  it  is  an  optimal  rule  under  a  fairly  weak  set  of  requirements.  The 
extension  of  the  results  from  the  two-person  case  to  the  n-person  case  to  the 
n-person  case  is  discussed  briefly  and  some  initial  results  are  presented. 


AMS  (MOS)  Subject  Classifications:  49C20,  60K10,  93E20 
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SIGNIFICANCE  AND  EXPLANATION 

Consider  the  following  assignment  problem.  A  car  rental  company  wishes 
to  assign  cars  In  such  a  way  so  as  to  eouallze  wear.  The  assignment  rule  must 
reflect  the  fact  that  the  wear  Introduced  by  a  customer  Is  a  random 
quantity.  A  similar  situation  Is  faced  by  a  manager  %dio  must  assign  random 
workloads  to  employees  In  an  equitable  manner.  In  this  paper,  we  consider 
decision  rules  for  problems  of  the  above  type.  We  show  that  while  a  number  of 
cosononly  used  decision  rules  have  undesirable  asymptotic  properties,  there 
exists  a  rule,  which  we  call  countercurrent,  that  has  good  long-run 
characteristics  and  Is  optimal  for  a  reasonable  criterion  function. 
Furthermore,  the  countercurrent  decision  rule  Is  easy  to  Implement. 


The  responsibility  for  the  wrdlng  and  views  expressed  In  this  descriptive 
summary  lies  with  NRC,  and  not  with  the  authors  of  this  report. 
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EQUITABLE  ASSIGNMENT  RULES 
P.  Glynn  and  J.  L.  Sanders 

1.  Introduction 

COnaider  a  facility  with  two  enployeea  that  Is  required  to  process  two  tasks 
par  day.  Aaaume  that  each  task  haa  an  associated  index  of  effort  and  that 
the  task  effort  Indices  form  stochastic  sequences.  The  goal  of  the  facility 
Manager  la  to  assign  tasks  to  employees  In  as  "equitable"  a  manner  as 
possible. 

The  concept  of  equitable  treatment  of  employees  Is  common  In  the  organiza¬ 
tional  behavior  literature.  In  particular,  the  perceived  equity  of  pay 
received  for  work  delivered  has  received  attention.  According  to  Shapiro  and 
Wahba  (1978).  "Dissatisfaction  (with  pay)  results  In  many  dysfunctional 
reactions  auch  as  turnovers,  absenteeism,  alcohol  and  drug  problems,  union 
fonaatlons,  strikes,  slowdowns,  decreased  performance,  grievances.  Increased 
training  costs,  high  aooldent  rates  and  in  turn  Increased  unemployment  and 
accident  insurance  costs."  Also  of  Interest  are  definitions  of  perceived 
equity  based  on  perceptions  of  the  ratio  of  rewards  to  the  Individual  from 
the  organization  to  the  Input  effort  provided  by  the  individual  and  the  com¬ 
parison  of  these  reward  ratios  among  Individuals  In  the  organization.  (Adams 
(1963  and  1965)) 

Shapiro  and  Wahba  (1978)  in  their  empirical  study,  show  that  social  comparison 
of  pay  received  for  work  done  la  the  single  most  important  variable  In 
explaining  pay  dlssatiafaotlon.  Andrews  and  Henry  (1963),  who  surveyed 
managers  who  were  dissatisfied  with  their  pay,  report  that  S7f  of  those 
managers  felt  that  their  subordinates  had  a  better  outcome/input  ratio  than 
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th«y  did.  Lawler  (1971)  reports  slailar  results.  In  the  erea  of  pay  satis- 
faotlon,  perceived  equity  clearly  is  an  iaportant,  and  possibly  the  preaier 
issue. 


Conunications  with  a  ntaber  of  directors  of  nursing  in  acute  care  hospitals 
indicate  that  perceived  inequities  of  work  asslgnsents  awong  staff  nurses  can 
profoundly  disrupt  a  nursing  unit,  resulting  in  absenteeiaa,  turnover  and 
other  problaas  cited  by  Shapiro  and  Wahba.  In  this  ease,  the  equity  issue 
surfaces  around  work  asaigment  alone,  aside  froa  any  differences  in  pay. 

Xn  a  related  setting,  Adans  (1963)  has  developed  a  theory  of  notivation 
related  to  perceived  equity  of  rewards.  He  explores  the  inplications  of 
equity  for  prediction  of  individual  behavior  in  business  organizations. 

In  our  ease,  we  assuie  that  the  aanager  is  only  free  to  adjust  work  asslgn- 
■enta.  Thus,  the  equity  issue  refers  to  equalization  of  the  work  effort 
assigned  to  the  eaployee  pool. 

(1.1)  Ezaaple.  A  director  of  nursing  aanages  two  nurses  and  two  nursing 
units.  Assum  that  the  difficulty  of  each  assignaent  is  given  by  the  coabined 
patient  eare  acuity  aeasure  associated  with  the  patients  on  a  unit  for  the 
shift  of  duty  being  considered. 

Mirsing  oare  acuity  aeasures  are  systeas  that  survey  the  patient's  need  for 
olinieal  eare,  assistance  with  daily  living  (e.g.  feeding,  bathing,  etc.), 
aduoation,  eaotional  support  and  other  aspects  of  nursing  eare.  They  ere  not 
designed  to  assess  the  severity  of  Illness  of  the  patient.  They  are  instead 
used  prlasrlly  to  assess  the  anount  and  level  of  nursing  oare  required. 


'.'A* 
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CXcarly,  as  patianta  coma  and  go,  tha  am  of  tha  acuity  levala  of  patlanta  on 
a  unit  uy  fluetuata  unpradlotably.  In  aoma  eaaaa,  tha  acuity  aaaaaamanta 
■ada  on  a  unit  at  tha  baginning  of  a  ahlft  will  ranaln  accurate  over  tha 
antira  ahlft.  In  thla  caae  wa  know  In  advance  tha  level  of  effort  and  akill 
required  to  ataff  that  unit  on  that  ahlft.  In  other  eaaaa,  aueh  aa  payehla- 
trie  and  gerlatle  unlta,  tha  aaaaaaaanta  nada  at  tha  beginning  of  the  ahlft 
■ay  be  groaaly  inaccurate  at  tha  end  of  tha  tour.  Older  patlenta  may  become 
oonfuaad  and  paychlatrle  patlanta  may  axparlenea  an  exacerbation  of  their  con¬ 
dition,  thua  requiring  higher  levala  of  attention.  In  the  fir at  caae,  we 
aaauaa  that  wa  know  tha  acuity  requlraaent  In  advance  of  tha  work  aaaignmant 
event  though  that  level  variaa  atoehaatloally  from  aaaignmant  period  to 
aaalgimiant  period.  In  the  aaoond  caae.  wa  cannot  predict  tha  level  of  acuity 
aaaoolatad  with  an  aaaignmant  in  advance,  although  wa  may  know  the  average 
value  of  acuity  aaaooiated  with  the  aaalgnaent. 

The  problem  of  equalizing  effort  alao  arlaea  outalde  of  the  nuraing  context 
deaoribed  Aove. 

(1.2)  Example.  The  manager  of  a  typing  pool  reeeivea  two  typing  aaaign- 
■anta  per  day.  The  goal  of  the  manager  la  to  aaalgn  the  typing  taaka  among 
the  two  available  typlata  ao  aa  to  equalize  the  amount  of  work  aaaigned  to  the 
amployeea  over  a  given  time  horizon. 

(1.3)  Example.  Conaider  a  factory  production  unit  with  two  maohinea.  On 
eaeh  day,  tha  unit  la  required  to  prooeaa  two  taaka.  The  goal  of  the  produc¬ 
tion  manager  la  to  aaalgn  taaka  to  the  available  maohinea  ao  aa  to  equalize 
wear. 
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(1.4)  Example.  The  manager  of  a  car  rental  company  wishes  to  assign  the 
eompany'a  two  cars  to  customers  so  as  to  equalize  mileage. 


In  this  paper,  we  will  analyze  decision  rules  for  the  above  task  assignment 
problems.  Section  2  develops  the  mathematical  framework  for  the  problem  and 
discusses  basic  properties  of  several  common.  Intuitively  appealing  decision 
rules.  In  Section  3,  we  examine  a  rule,  which  we  call  counter-current .  which 
is  optimal  with  respect  to  a  nunber  of  different  criteria.  Section  4  is 
devoted  to  the  finer  stochastic  properties  of  the  counter-current  decision 
rule.  Finslly,  in  Section  5,  we  briefly  discuss  the  n-task,  n-person  ease, 
and  offer  some  concluding  remarks. 


Thd  Class  of  Task  Assignment  Buies 


In  order  to  develop  a  mathematical  framework  for  the  task  assignment  problem, 
wo  consider  Example  1.1.  Let  the  acuity  measures  on  day  n  for  the  two 


nursing  units  be  given  by  and  W^.  We  assuae,  throughout  this  paper,  that: 


A1.  ((V  ,  W  ):n  >  1}  is  a  sequence  of  Independent,  identically 

on  « 


distributed  (1.1  .d.)  rsndom  vectors  (r.v.'s) 

A2.  there  exists  E  <  <"  such  thst  P(  |D  |  <  K)  s  1 

'  n'  — 


Me  also  suppose  that  there  exists  an  Independent  sequence  ^  '’I  of  i.l.d. 

uniform  r.v.'s. 


A  deolslon  rule  is  a  sequence  (o^ini  1>  of  r.v.'s  taking  values  In  {0,1). 
A  decision  rule  Is  said  to  be  a  randomized  non-antlclpatlng  decision  rule 


if 


“  *{U  lp  }*n^'^‘' 

o  n 


Vl-  Vl.  “n-1- 


for  some  Borel-measurable  function  and  real  nmber  (I^  denotes  a  r.v. 
Hhieh  la  1  or  0  depending  on  whether  or  not  A  has  occurred) .  A  rule  Is  said 
to  be  randomized  and  strictly  non-anticipating  If  it  can  be  represent¬ 
ed  as 


*a"  '(0  <  P  >W* 

H  —  Xk 


.  .  o 


Set 


o  1  1 


T  -  E  (l-o)V  +aw. 
“  1-1 


If  we  follow  the  nursing  unit  example,  we  interpret  X  and  Y  as  the  ciinula- 

n  D 

tive  aiount  of  task  effort  assigned  bo  nurses  1  and  2,  respeotively,  by  time 
n. 
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(2.1)  Example.  Set  ail.  Since  ED  >  0,  Z  *  «>  a.s.  where 
n  an 

Z  >  X  -  T  . 
nan 


Such  a  deelsion  rule  la  clearly  lne<iultable,  due  to  an  obvloua  lack  of 
symmetry.  Any  "good"  rule  should  be  symmetric  In  the  sense  that  for  all  n. 


?{o  -  0|V  ,  W  )  -  1/2  a.s. 
B  n  n 


where  ^  ■  (V  ,...,V  ),  V  a  (W . W  ).  Other  desirable  properties  of  a 

n  1  a  n  1  & 

decision  rule  are: 


(PI),  the  r.v.  |Z  I  should  grow  as  slowly  as  possible 

Q 


(P2).  E{T  lx  >  T  )  should  be  as  amall  as  possible,  where 

II  II  •  B 


*«  -  !»«(■  > 


(P3).  l^/n  should  be  as  close  to  1/2  as  possible,  where 


Before  proceeding  to  a  discussion  of  optimal  decision  rules  In  Section  3,  we 
first  examine  five  decision  rules  that  either  have  been  used  In  practice  for 
sohedullng  or  are  Intuitively  appealing  as  assignment  rules. 


.N  %•  s*  - -V'*.  • 


f  r  1.1^ 


(Rl).  a  -  I  ,  where  K  ■  (Ui  <  1/2) 
Q  A  ** 


(B2).  o  -  1*.  a  -  1  -  Ia.  **»«•  A  -  {U  <  1/2} 

in  A  iiiTi  A  1  ~ 


(R3).  a  ■  I.  ,  where  A  ■  (D  <  1/2) 
a  A  II  n  “ 


<»4).  O  -  I,  ,  where  B  -  (O  <  l/2>,  B  -  {2  ,  <  Z  ,),  for  n  >  2. 

n  B  X  4“"  ii  n“l  0*2 


<»5).  O  -  I_  ,  where  B  -  (O  <  1/2),  B  -  (Z  ,  <  Z  ,,  D  >0)1} 

o 

{Z  ,>Z  ,,D  <0)  for  n  >  2 
n-l  —  0-2’  o  — 


Rule  Rl  is  e«iuivalent  to  aeklng  the  first  ssslgnoent  of  personnel  to  duties 


by  flipping  a  fair  coin.  However,  once  these  assignments  are  made  they  are 
assumed  to  remain  there  indefinitely.  In  other  words,  if  nurse  "A"  draws  Unit 
2  on  the  first  assignment  it  is  assuned  that  she/he  remains  on  assignment 
there  in  the  future.  This  rule  is  "fair"  in  the  sense  that  both  nurses  have 
equal  probability  of  being  assigned  to  a  particular  unit. 

Rule  R2  makes  the  first  assignment  as  in  Rule  R1  but  thereafter  strictly 
rotates  the  nurses  between  assignments.  This  rule  is  a  trivial  example  of 
the  "Block  Rotation"  systems  that  have  been  used  in  personnel  scheduling  for 
acme  time.  The  rule  is  "fair"  in  the  sense  that  both  nurses  are  assigned  to  a 
given  duty  station  the  same  fraction  of  the  time. 

Rule  R3  assigns  personnel  to  duties  by  extending  the  randomization  employed 
at  the  beginning  of  Rule  R1  to  every  period.  This  "purely  random"  rule  could 
be  realized  in  practice  by  repeated  application  of  the  "coin  tossing" 
meehaniam  and  may  be  approximated  by  haphazard  processes  where  the  assignment 
mechanism  employed  no  previous  memory  of  previous  assignments  or  their 
outoomea. 

Rules  Rt  and  R5  look  to  the  previous  period  and  examine  the  outcome  of  the 
assignments  of  that  period.  The  assignment  made  in  this  period  attempts  to 
reverse  the  inequities  of  the  previous  period.  In  R5,  the  rule  is  "clair¬ 
voyant";  it  assumes  knowledge  of  the  true  acuity  measures  for  the  shift  before 
the  asslgraaents  are  made.  Rule  R4  is  the  non-clairvoyant  version  of  R5,  in 
whioh  the  outoome  of  the  assignment  is  unpredictable.  Both  are  "fair" — they 
try  to  continually  reverse  any  inequities  that  arose  from  the  previous 


period's  assignment.  While  it  may  be  difficult  to  point  to  instances  in 
Mhieh  these  rules  are  employed  explicitly,  they  represent  a  natural  tendency 
of  management  to  compensate  employees  for  previous  inequities. 

The  following  table  sixnmarlzes  the  behavior  of  the  five  rules  under  criteria 
PI  -  P3  (all  limits  are  limits  in  weak  convergence) . 


&1 

R2 

R3 

u 

R5 

PI 

11m  1  z  1 

m 

0  C 

a  C 

a  c 

0  C 

a-boi  ^ 

2 

3 

<» 

s 

P2 

e{t  |x  >  y  } 

m 

OD 

OB 

OB 

P3 

llffl  H  /n 

L 

L 

L 

L 

L 

n-~»  " 

t 

2 

2 

2 

2 

In  the  above  table,  the  limit  r.v,*s  C,  L  ,  and  L  have  distributions  given  by 

J  i 

P{C  £  x}  -  (2/Tr)^^^/  exp(-t*/2)dt;  x  ^  0 


P{I.  <  x} 

i  — 


i;  X  <  0 
<1/2;  0  <  X  <  1 
/l:  X  >  1 


1.  ■  2(arc8in(x^^^))/iT,  0  <  x  <  1 


and 
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■  (v*r(Dj^)) 


1/2 


-  (ED*  -  (ED^*ElD^|)/P{D^ 

-  (ED*  -  (E|d^|)*)^^^ 

While  the  rules  R1.  R2,  R3.  and  R4  have  some  intuitive  appeal  as  "fair* 
aasigment  rules,  we  see  from  the  table  above  the  none  of  these  simple  rules 
satisfies  performance  criteria  necessary  for  a  truly  equitable  assignment 
rule.  First,  all  the  rules  have  the  property  that  the  emulative  difference 
in  acuity  measures  (^)  grows  as  the  square  root  of  n  or  faster  (in  the  ease 
of  R1).  In  the  ease  of  property  P2  we  find  that  if,  on  a  given  trial,  one  of 
the  nurses  is  ahead  of  the  other  nurse  in  emulated  acuity  measure,  then  in 
the  ease  of  R1,  R2  and  R3  the  e>  woted  time  required  to  equalize  the  emulate 
acuity  measures  is  infinite.  In  the  ease  of  the  third  property,  we  wish  to 
know  the  fraction  of  the  time  that  one  nurse  finds  her/himself  with  a  higher 
emulative  acuity  measure  than  the  second  nurse.  Ideally,  this  random  vari¬ 
able  would  converge  to  a  distribution  with  a  single  atom  at  1/2.  We  see  that 
none  of  the  rules  has  this  property.  In  the  ease  of  R1,  the  distribution 
converges  to  a  single  atom  at  0  or  1;  in  the  other  cases,  the  convergence  is 
to  the  arcsin  law.  Which  guarantees  that  although  the  limiting  distribution 
is  symmetric,  1/2  is  the  least  likely  region  for  the  limit  random  variable. 


4i 


? 


I 

I 


I 


a* 

SI 


Nherc  (B.  :1c  >  1}  la  i.i.d.  Now,  a*(Z-  )  -  na*(S  )  and 
k  -  ‘ 

0*(B  )  -  0*(D  )E(S  -  S  )  +  0*(S  -  S  )(ED  )*  +  2ED  (E(S  -S  )?  ) 

'  I  111  III  till 

Mhare  °  ~  ^^k-l-1  ~  above  equality  la  the  aeeond  moment 

veralon  of  Wald* a  Identity.  To  almpllfy  the  above  expression,  observe  that 
~  geometric  so 

B(S^  -  S^)  -  1/P{D^  >  0} 

a*(S^  -  S^)  -  P{D^  <  0}/P{D^  >  0}*.  . 


E{(S  -  S)S|s  -S  -k}-  k(E{D  |d  a  O)  -i-  (k-l)E{D  |D  <  O}) 
2  1121  11"“  11 


5  -  S  )8  -  (ED  +  E(D  Ijp  ^ 

2  11  1  *  ^ 


substituting  the  above  relations  in  our  expression  foro^CB^)  and  simplifying, 
wa  find  thato^eZg  )  s  naVP(D^  ^  0).  Application  of  the  classical  CLT  there- 


fbra  proves  that 


-»  (oVpCd,.  >  0})^'^  M(0,1) 


as  n  Hhara -'>danotas  weak  convergence,  and  N(0,1)  Is  a  normal  r.v.  with 
saro  mean  and  unit  variance.  Since  t(n)/n  0}  as  n  wa  may  apply 
Thaoram  7.3,2  of  Chung  (197A)  to  conoluda  that 


<o*/P{D^  >  0))^'*  H(0,l) 


•t  Noting  that  n  -  Z  )  a  standard  argunant  then 

^l(n)  “ 

ylalda 

^  o  H(0,1) 

n  * 


aa  n-»  •*,  uhloh  Is  PI;  for  P3,  %ie  apply  the  continuous  mapping  theorem  to  an 
Invariance  principle  version  of  the  above  CLT. 


The  fblloHlng  Inequalities  are  easily  proved 

Thus,  In  terms  of  criterion  P1,  R1.  R3,  and  R2  are  the  worst,  second  worst, 
aad  third  worst  decision  rules,  respectively.  Somewhat  surprisingly.  It  can 
ba  ahown  by  esasiple  that  both  o^  £  o^  and  are  possible  —  the  direc¬ 

tion  of  the  Inequality  (and  thus  the  PI  performance)  depends  on  the  Joint 
distribution  of  (V^.  W^^). 


3.  Counter-current  Decision  Rules;  Definition  and  Basic  Properties 


Consider  the  deterministic  situation  where  D^^  =  v  >  0.  We  then  have 


(3.1)  Lemma;  The  rule  (a  :1  <  1  <  n)  which  minimizes  E{Z  |z.  |}  is  given 

^  ~  kFl  * 


"  <  l/2>’  <  0>’  ^ 


Proof:  Observe  that 


r  |z.|  -  u  r  |E  (2a,  -  1)1 

kpl  kpl  IP-I  ^ 


W«  elaia  that  for  aaeh  k  ^  1 , 

fc  k+1 

I  E  20,  -  1|  +  I  E  20  -  1|  >  I 

J-X  J  J-1  ^ 

for  If  aithar  taro  vanlshaa,  than  tha  othar  tani  aust  aqual  1.  Hanea, 

(3.2)  r  |Z.  I  >  iv 

kFl  * 

if  n  •  2J  or  2J  -  1.  Mott,  It  la  trivially  varlfled  that  tha  rule  given  In 
tha  laaaa  attains  tha  lower  bound .  1 1 

Tha  Aova  rula  bahavaa  nloaly  for  dataralnlstlo  saquenoes.  For  aaaipla, 
|Zj  raaalna  boundad  (aaa  PI),  E(T„|X„  •  Tq)  s  1  (aaa  P2),  and  N^/n  '*■1/2 
(aaa  P3).  This  bahavlor  suggaata  that  ona  should  try  to  ganarallzs  tha 
rula  to  tha  stoohaatlo  oasa. 

(3*3)  Paflnltlon;  Wa  eall  tha  rula  daflnad  by 

®i  “  <  1/2}*  *n  “  <  0> 

tha  strict  countar-current  decision  rula.  and  tha  rula 

®i  ■  <  1/2} 

*®  '  '^Vl  <  0.  ^  *  *^*0-1  ^  ®n  ^ 
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• .  > 


tiM  oounttr-ourrOTt  deelslon  rul* 


Th«  atrlot  oountcr-eurrent  daolalon  rula  la  atrietly  non-antlolpatlng  and  tha 
oountar'-eurrant  daelalon  rula  la  antlolpatlng.  Wa  now  proeaad  to  darlva 
eartaln  aamptotle  propartlaa  of  (Z  :n  >  1}  undar  tha  two  daelalon  rulaa. 

II  •• 


Flrat,  wo  axaalna  tha  oountar-ourrant  daelalon  rule.  Note  that  for  n  ^  2, 


and  hanea  Z_  la  a  Markov  chain  (N.C.)  on  tha  raal  line  R;  Ita  tranaltlon 

D 


karnal  la  glvan  by 

v**«>  A *!*«“•* 


[1  -  C(a-x);  a  >0 
6(z-a);  a  <  0 


wiMra  Q(x)  «  It  la  aaally  verified  that 


(3.5)  h  <y)  -  jiToT 


la  a  Btatlonary  danalty  for  (Z^tn  ^1)  (sea  Feller,  (1971)  p,  208)  for 
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it  fellows  that 


0  m 

<3. 9)  I  j  k(z  )♦/  k(y)h  (y)dy  a.a. 

“j-1  ^  —  • 

Proof.  Bf  Lanaa  3.7.  wa  hava  that  Z.  is  X-lrredueible:  thus  h  (.)  is  the 

-  tt  , 

imiqua  stationary  probability  of  (Z^:n^  1)  (Revuz  (1975)).  It  follows  that 
if  Z,  has  tha  stationary  distribution,  than  {Z  :n  >  1)  is  a  stationary  ergodle 
aa<iuanoa  (Ash  (1972)),  so  ona  nay  apply  Birkhoff's  argodio  thaoren  (Lanparti 
(1977),  P.  92)  to  eonoluda  that 


•  1  ■  • 

/  h(s)P{jI^k(2j)-/  k(y)h^(y)dy|Z^  -  s)  -  1 

(3.10)  l.a.  P{ir  k(Z.)-rk(y)h  (y)dy|z  -  s)  -  1 
*J-1  —  t  » 


for  a,a.  z  e  [•4;,K]  (obsarva  that  by  A3,  h(.)  vanishas  for  |  c|  >  R).  But  if 
Z^  avolvas  aooording  to  tha  eountar-ourrant  daclslon  rula,  than  |  Z  |  «  |D  |  , 
and  so  Z^  is  ooneantratad  on  [-R,R]  and  haa  a  dansity  thara.  Thus,  (3.9) 
fellows  inadiataly  froa  (3.10).|| 

In  partioular,  sotting  k(z)  a  «](>)•  It  is  innadiata  that 

/n  *  1/2  a  .s . 
n 


Thus,  tha  eountar-ourrant  rula  loads  to  a  Z  saquanea  with  a  "good"  P3 


property.  Also,  (3.5)  iaplies  that  Z  renains  "bounded"  In  aone  sense,  and 

n 

1/2 

thus  iaproves  on  deoialon  rules  Rl  •  R5  (in  which  |  grows  at  rate  n  '  ). 

As  for  criterion  P2,  observe  that  on  (Z_  >  0), 

o 

\  +  ...  +|D^+J  >  Z„> 

from  which  it  follows  that  Z(T^|Z^)  on  {Z^  >  0)  is  given  by  H(Z^)  ♦  1, 
where  N(x)  is  the  renewal  function  given  by 

M(x)  -  •ax{k:lD  I  +  ...  ♦  |D J  <  x>. 

I  ^ 

Thus,  by  the  eleaentary  renewal  theorea,  is  a  ayaptotlc  to  Z^/e|d^I 

for  Z^  large.  Hence,  (Z^:n  ^  1)  perforas  well  under  criterion  P2  when  a 
eounter-ourrent  policy  is  followed. 

We  turn  now  to  the  asyaptotic  behavior  of  Z,,  under  the  strict  eounter- 
ourrent  policy.  Onoe  again,  (Z^:n  ^1)  is  a  Harkov  chain,  this  tlae 
defined  reourslvely  by 

(3.11)  -  slgn(Zjj)* 

Our  first  order  of  business  is  to  show  that  Z^  possesses  a  stationary 
distribution  under  the  strict  counter-current  rule.  Let  >  I  Z^l  ; 
observe  that  satisfies,  for  n 

O.U) 
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W*  shall  need  tha  following  rasult 


(3.13)  La— a.  Lat  C  ba  daflnad  by 

W  "  “  ®n+l^*'  “  '“J* 

Proof.  For  n  a  1,  tha  raault  la  trivial.  Proeaadlng  by  Induction, 
aaauaa  tha  Inaquallty  holds  for  n  a  k,  and  oonaldar: 

"  ®k+l*  “k+1  ■  *^k} 

<-x{r^-  Dj^l.  r) 

<  —xCCi^  +  K  -  K) 

<  U>(I  ♦  (C^  -  Vl'* 

•  '  *  "k  -  w* 

Tha  nast  rasult  follows  aaslly  fToa  La— a  3.13. 

(3>1b)  Proposition.  Tha  M.C.  (Z^in  ^1)  daflnad  by  (3.11)  possassas  a 
stationary  distribution. 

Proof.  First,  obaarva  that  slnoa  EC^  >  0,  tha  prooass  possassas  a 
Halting  distribution  (Klafar  and  Wolfowlts  (1956)).  its  a  eonsaquanoa,  for 
e  >  0,  thafa  aslsts  such  that 

taf  P{E^  <  ^  ^  * 
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V  :>Vv*  :r^ 


* •  -  "  - 
V.  * 


%  ^  ^  • 


T-a. -Las^, 


froa  which  it  follows  that 

inf  P{r.  <K  +  K}>l-c 
k  K  -  e 

Thus,  the  probabilities  PlT^e*)  are  tight  (see  Billingsley  (1968),  p.  37), 
froa  which  it  follo%a  that  the  probabilities  P(Z^c*)  are  '.Ight.  A  glance  at 
(3<11)  shows  that  the  recursion  is  continuous  in  Z^,  and  hence  a  well-known 
theorea  on  weakly  continuous  kernels  aay  be  applied  (see,  for  example,  Karr, 
(1975))  to  conclude  that  Z  possesses  an  invariant  probability. 

Given  Leaaa  3.13  and  Proposition  3,14.  the  proof  of  the  following  theorem 
follows  the  saae  pattern  as  that  of  Theorea  3.8. 

(3.15)  Theorea.  Let  (Zi^in  ^  1)  be  defined  by  the  strict  counter-current 

decision  rule,  and  suppose  that  A1  -  A4  hold.  Then,  Z  possesses  a  unique 

n 

stationary  density  h^  and  for  any  k(.)  satisfying 

/  |k<y)l\(y)<>y  <  - 

it  fbllows  that 

(3.16)  -  Z  k(Z.)-/  «y)h  (y)dy  a.s. 

•j-l  ^  —  * 

Obaerve  that  if  h^(z)  is  stationary  for  Z^,  then  so  is  h^(-z).  Thus,  by 
tmiqueness  of  the  stationary  distribution,  h^(z)  *  h^(-z)  and  therefore 

m 

f  h,(s)ds  -  1/2. 

o 

So  we  have,  by  applying  (3>16),  that  N  a. a. 


and  therefore  the  strlot  counter-current  rule  behaves  well  In  terms  of  both 


eriterion  PI  and  P3  ((3«16)  says  that  |z^l  remains  "bounded"). 


As  In  the  ease  of  the  counter-current  rule,  the  analysis  of  property  P2 
requires  the  representation 


T  ■  aln(k:D  ,  + 
n  n-tl 


+  0 


n-t-k 


>  2  } 
n 


Which  Is  valid  on  (2  >01.  Although  the  D  *s  are  not  positive  r.v.s.  It 

Q 

is  still  true  that  the  renewal-type  result 

E{T  |Z  l-v-Z  /ED 
Q  A  n  n 


bolds  for  2  large.  If  U(n.n)  sD  >...4>D  ,  Wald's  equality  implies 

o 

that  E{U(n,T  )|Z  1  >  E(T  1 2  1  ED  .  But  the  boundedness  of  the  D,  's  implies 
that  2^  <,  0(0,1^)  £  2^  >  K,  from  which  the  asymptotic  relation  follows. 
Thus,  the  strict  counter-current  policy  behaves  well  under  P2. 


Finally,  we  shall  show  that  introduction  of  "noise"  Into  the  problem  always 
leada  to  a  degradation  in  the  behavior  of  oounter-cur rent-type  rules.  From 
(3*5)  wa  have  that 

",  e|d 

/  |y|  h,(y)dy  -  | 

•  II 


for  r  >  0.  In  particular,  taking  r  s  1  and  applying  (3.9),  we  obtain 


|ZJ 


k-1 


2E  D_ 


ED 

_ I 

2 


var(D  ) 
n  ^  n 


ElDj 


a.s.  From  Lemma  3.1,  It  follows  that  ED^^/Z  Is  the  deterministic  lower  bound; 


Introduction  of  stochastic  noise  leads  to  the  presence  of  an  additional 
positive  term  given  by  var(D  )/ED  . 

Q  & 

This  discussion  also  carries  over  to  the  strict  counter-current  decision  rule 
The  argument  In  this  case  centers  around  (3.^2).  If  T  has  the  distribution 
of  |z|,  where  Z  has  stationary  distribution  h^ ,  then  from  (3>12), 

(3.18)  r  £  ir  -  d| 


(£ denotes  equality  in  distribution),  where  F  and  D  are  Independent.  It  is 
evident  from  Lemma  3.13  that 

p{r  >  x>  <  pCC  +  K  >  x} 


where  C  is  the  limiting  distribution  of  It  is  well-known  that  under  A3, 

<  **  for  all  k,  (Kiefer  and  tfolfowitz  (1956)),  and  thus  EF^  <  «  for  all  k. 

So,  we  square  both  sides  of  (3*17)  and  canoel  common  terms  to  obtain 

•  ED  ,* 

-  /  |y|h  (y)dy  - 

-•  *  2ED  • 

'  n+1 

Thus,  we  obtain  that  under  the  strict  counter-current  decision  rule. 


ED 


n+1 


a. a. 


ZED 


0+1 


It  la  worth  observing  that  since  ED  <  ElD  I,  the  strict  counter-current  rule 

o  o 

behaves  worse  than  the  counter-current  rule  under  the  "sum  of  the  absolute 
value”  criterion  (compare  (3.17)  and  (3.19)). 
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4.  Optimality  of  Counter-current  Deelalon  Rules 

In  Seotlon  3,  we  saw  that  oounter-eurrent  decision  rules  enjoy  a  number  of 
desirable  properties  —  In  this  seotlon.  we  shell  show  thst  oounter-eurrent 
rules  possess  certsln  optimality  character Istlos. 

(4.1)  Theorem.  Let  (Z  :n  >  1}  be  constructed  according  to  the  counter- 

n  “ 

current  decision  rule.  Then,  under  A1  -  A4.  the  counter-current  decision 
rule  minimizes  s.s.  both 

o+T  -1 
n 

I. )  £  4(Z|,)  on  (Z  >  0},  where  q(.)  is  any  Increasing  function 

k^n  “ 

II. )  “limlz  I  >  K 

n  "  “ 

over  the  class  of  non-sntioipstlng  decision  rules. 

Proof.  For  1.),  suppose  thst  the  counter-current  rule  Is  first  violated 
at  time  k.  where  n  <.  k  <  n  ♦  T^^.  Then,  for  k  <.  m  <  n  ♦  T^.  we  have 

(4.2)  >  Z^_^  +  |d^|  -  -....-  |dJ  -  z;  +  ID^I 

tdiere  Z'  Is  constructed  from  the  oounter-eurrent  rule.  Inequality  (4.2) 
Immediately  Implies  (4.1)  1.). 


For  11.),  it  is  clearly  sufficient  to  prove  thst  for  any  non-antic Ipating 
decision  rule. 


the  result  then  follows  since  the  counter-current  decision  rule  clearly 
attains  the  lower  bound  of  (4.3)> 


Note  that  for  fixed  e  >  0,  and  any  non-anticipating  decision  rule, 

(4.4)  <£.  IVa-K-zJ  <C. 

l°a+3  ■  . V 

-  (F(fi  +  e)  -  F(K  -  E))*(F(Z  +  K  +  E)  -  F(Z  +  K  -  e)) 

n  n 

>  (  min  ^  F(eJ/2)  -  F(£(j  -  l)/2))*  >  0 

1  <  j  <  X/E 


where  K  a  [K/e]  ([]  x  greatest  integer  function);  Because  of  the  uniformity 

of  (4.4)  over  £,  one  can  apply  the  conditional  Borel-Cantelli  Lemma  (Doob 
n 

(1953).  P.  323)  to  infer  that 

"iVi  -  ‘I  'v.  '  -  'J  ‘  '• 

-  kI  <  €  infinitely  often)  ■  1 

Letting  T  be  a  generic  time  at  which  the  inequalities  (4.5)  are  satisfied, 
one  can  easily  cheok  (Just  go  through  the  eight  different  cases  for 

^®T+1’  ®T+2’  “t+S^^*"***  '  3e,  if  |2^|  <  K/2. 

A  aiailar  arguaent  to  that  used  above  shows  that  for  any  decision  rule. 


s 


Z  I  <  K/2  must  occur  Infinitely  often,  from  which  it  follows  that 

II  “ 

lia| Z  I  >  K  -  3C,  proving  ll.).|l 


Recall  that  in  Section  3,  wa  proved  that  counter-current  policies  suffer  a 
degradation  in  performance  when  stochastic  "noise"  is  introduced.  We  shall 
now  show  that  counter-current  policies  are  optimal  for  the  L*  criterion, 
thus  proving  that  the  optimal  policies  suffer  in  the  presence  of  "noise." 

To  accomplish  this  goal,  we  will  invoke  the  theory  of  Markov  decision  chains 


We  will  first  deal  with  the  strictly  non-anticipating  situation.  The 
daelslon  chain  Involves  two  actions  (a  s  0  or  a  s  1),  and  consequently  two 
transition  kernels.  A  cost  equal  to  the  absolute  value  of  the  state  occupied 
la  charged  for  each  transition;  costs  are  Independent  of  action.  With  this 
framework,  the  optimality  equation  for  the  average  cost  decision  process  is 
given  by 


(4,6)  Y  +  ■<*)  “  1*1  ^^*  “  ° 


where  a(z)  is  the  optimal  return  function. 


(4.7)  Proposition.  Under  A1  -  A4,  a  solution  pair  (Y,  m)  exists  to 
(4.6)  and  is  given  by 

s(s)  -  s*/2ED^ 

Y  -  ED* /ZED 
I  I 


.'A' 


Proof.  Observe  that 

■la(to(s  +  D  ),  Ea(s  -  D  )l  -  (s*  +  ED*)/2ED  +  nin(-z,s} 

.  i  1  I  I  ’ 

-  ■(a)  +  Y  -  |z|.l| 

To  give  a  concise  proof  of  the  next  theorem,  we  shall  consider  a  restricted 
class  of  decision  rules. 

L  ■  {(a  ,  a  ,  “  0> 

i’  1  ^  tt 

Mote  that  if  a  decision  rule  is  not  in  A,  then  EZ*  is  of  order  n.  which 

n 

indicates  that  |z^|  is  growing  unbotmdedly  in  expectation;  clearly  this  is 
undesirable  fTcm  a  practical  viewpoint.  We  henceforth  restrict  ourselves 
to  deoision  rules  in  A. 

(4.8)  Theorem.  Under  A1  -  A4, 

_ ,  m  ED* 

m  Ib>1  I 

for  any  randomized  strictly  non-anticipating  decision  rule  in  A;  the 
minlmui  in  (4.9)  is  attained  by  the  strict  counter-current  decision  rule. 

Proof.  We  apply  a  theorem  due  to  Sosa  (19681.  Our  class  of  randomized 
striotly  non-anticipating  decision  rules  corresponds  to  the  set  of  policies 
•nunolated  there.  Following  Ross's  proof,  we  see  that  for  any  randomized 
strictly  non-anticipating  decision  rule  (whether  in  or  not  in  A),  Z  satisfies 


(4.10) 


-  EZ*.+  E 
*  k-l 


thus.  If  ths  ruls  is  In  A,  ons  obtslns  (4.9)  (sines  EZ*  £  K*).  As  usual, 
equality  in  (4.10)  occurs  if  one  uses  the  policy  which  consistently  ainiaizes 
the  right-hand  side  of  the  optiaality  equstion  (4.6);  this  ainiaizing  policy 
is  easily  seen  to  be  the  strict  counter-current  rule.  However,  beesuse  of  our 
A  restriction,  we  still  need  to  show  thst  the  strict  counter-current  rule  is 
in  A. 


Ffca  L«um  3.13,  it  follows  that 

(4.11)  C2*  <  2(K*  ♦  E5*), 

Now,  it  is  well-known  that  is  stoehasticslly  inoressing  to  its  stesdy-stste 
C  snd  that  EC*  <  •  sinoe  ED|  <  •  (see  Kiefer  and  Holfbwits  (1956)). 

Honoe,  EZVn  0  for  the  strict  counter-ourrent  rule.)  I 

We  oonolude  this  section  with  a  stateaent  and  short  proof  of  the  corresponding 
result  (br  the  counter-current  decision  rule. 

(4.12)  Theorea.  Under  A1  -  A4. 


for  any  randoaized  non-anticipating  decision  rule  in  A;  the  ainiaus  in  (4.13) 
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Is  attained  by  the  oounter-eurrant  decision  rule 


The  key  Idea  here  la  to  define  an  appropriate  state  space  for  the  decision 
chain.  We  choose  to  uae  states  of  the  fons  (z.d).  where  the  z  component  cor¬ 
responds  to  the  current  value  of  the  sum  of  absolute  values  of  Z^'s;  d  cor¬ 
responds  to  the  current  value  of  the  r.v.  Letting  m(z.d)  be  the  optimal 

return  function  for  the  decision  chain.  It  Is  easily  seen  that  the  optimality 
equation  now  takes  on  the  form 

Y  +  m(s.d)  -  mln(|s  +  d|  +  Cm(s  ♦  d,  0^),  [a  -  d|  +  Em(z  -  d, 

The  pair  (Y,m)  which  solves  the  above  equation  Is  given  by 
Y  -  edVteIdJ 

m(a,d)  -  (|s|  -  |d|)*/2E|Dj. 

again,  the  counter-current  rule  Is  the  minimizing  rule  for  the  optimality 
equation.  Since  |zj  £  K  under  the  counter-current  rule.  It  lies  In  A. 

Mote  that  the  optimality  results  given  above  show  that  the  optimality  of 
counter-current  decision  rules  does  not  depend  on  the  detailed  form  of  the 
distribution  of  the  Dj^'s.  Hence,  one  ezpeots  these  results  to  be  quite 
robust  In  practice. 


SUNNART  AND  CONCLUSIONS 

In  the  previous  sections  wo  have  formalized  an  Important  class  of  management 
decision  problems.  Investigated  the  properties  of  a  ninber  of  Intuitively 
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ippaallng  Msignawit  rules  and  davalopad  a  new  class  of  assignment  rules,  the 
eounter-eurrent  policies.  We  have  argued,  by  citing  a  number  of  examples, 
that  the  decision  problem  under  investigation  finds  application  in  a  wide 
variety  of  eireisistanees. 

We  have  Shown  that  ordinary  intuition  is  often  of  little  assistance  in 
developing  equitable  assignment  policies.  It  is  remarkable  that  none  of  the 
easily  conceived  aaslgnment  rules  will  assure  reasonable  local  or  asymptotic 
properties.  (This  raises  a  niaiber  of  interesting  psychological  and  philoao- 
phioal  questions  about  our  ability  to  make  informed  Judgments  about  the  pro¬ 
perties  of  stochastic  processes  frem  the  properties  of  the  "generating" 
mechanism.)  We  have  shown  that  among  the  rules  considered,  rule  R1  is  worst, 
followed  by  R3  and  R2.  Rules  Rt  and  R5  are  better  than  the  others,  but  one 
oannbt  know  idiioh  of  these  is  "better"  without  exaslning  the  distribution  of 
the  D  'a  in  some  detail.  "Better"  refers  to  the  rate  of  growth  of  IZg^l,  with 
faster  growth  being  "worse."  To  restate  the  results  in  less  formal  terms,  we 
aao  that  "Fixed  Assignaent"  is  worse  than  "Random  Assignment,"  which  in  turn 
ia  worse  than  "Fixed  Alternation"  (or  "Block  Rotation").  Both  of  the  rules 
whloh  attempt  to  reverse  the  last  period's  inequities  (i.e.  R4  and  R5)  are 
hatter  than  the  other  rules.  An  interesting  new  result  emerges:  under  cer¬ 
tain  oiroumstanoes  the  "clairvoyant"  rule,  R5,  is  inferior  to  R<t,  a  rule  that 
does  not  aasuse  knowledge  of  the  severity  of  the  assignments  in  advance. 

Despite  the  disappointing  performance  of  the  more  obvious  rules  we  have 
proposed  a  class  of  rules  (eounter-eurrent) ,  which  not  only  have  the  desired 
asymptotic  and  local  properties  but  also  are  optimal  in  the  sense  described  in 


SMtions  3  and  4 


In  Inportant  question  ariaos  at  this  point.  Is  it  possible  to  extend  these 
results  to  the  n-peraon  saslgment  problen?  The  negative  results  of  Section 
2  alnost  oertainly  will  carry  over  into  the  nultl-person  problen.  Nore 
inportantly,  is  there  a  nultl-peraon  analogy  for  the  counter-current  rule? 
Does  it  have  the  sane  properties  as  the  two-person  ease?  In  the  n-peraon 
analogue  to  the  counter-current  rule,  one  assigns  duties  in  any  period  in  the 
fbllOMing  way:  the  individual  with  the  largest  eusulative  workload  neasure 
to  date  receives  the  asaignnent  with  the  anallest  value  or  anallest  expected 
value.  That  individual  is  ranoved  frcn  the  list  of  individuals  to  be  con¬ 
sidered  and  the  rule  is  repeated  with  n-1  rmaining  assignnents.  It  can  be 
aliown  relatively  easily  fron  the  results  of  Section  4  that  this  n-peraon 
generalisation  of  the  oounter-ourrent  rule  has  at  least  the  following 
deslr stole  property. 

Let  (Z^,  ....  1^)  be  the  duty  assignnents  on  units  1,  ...»  n  in  period  t 

and  ws  assuse  that  the  Joint  density  of  (X^ ,  ....  )  Jls  everyidiere  positive 

I  n  ' 

on  1^1  £  K  and  IX^I  £  K  for  every  i  s  1,  ...,  n,  and  every  t  ■  1,  2 . 

If  the  X-veotors  are  l.i.d.,  then  for  my  asslgnsmt  rule 

“liS  nax  \vl  -  U*|  >  K 

J.  k  <■ 

Mhere  is  the  sia  of  all  workload  neasures  for  individual  i  through  tine 
t.  Rirther,  the  lower  bound  of  this  Inequality  is  obtained  by  using  the 
n-person  oounter-ourrent  rule  diaoussed  above.  This  follows  from  the  fact 
that  if  £  Uj,  then  the  assignnmt  of  individual  J  will  be  greater  than 


that  to  Individual  i  at  tiaa  t  «  1. 

A  nuBbar  of  ralatad  aatheaatieal  and  payehologioal  iaauas  daserva  additional 
invaatigation .  Tha  n-paraon  eaaa  prasanta  intarasting  ehallanges.  Conaidar 
araas  of  application  such  as  aquitabla  distribution  of  aarit  pay  aaong  univer¬ 
sity  faculty  or  public  school  teaehars.  Thasa  issues  require  more  ecaplax 
aodals  since  they  presuppose  inherent  inequalities  in  "true”  perforaance, 
though  they  do  share  oharactaristios  with  asaiplaa  we  have  discussed. 
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